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Abstract | We study generalised calibrations described by Exceptional Sasaki-Einstein struc-
tures on AdS backgrounds in type IIB and M-theory, placing the focus on the generalised Reeb
vectors. The inequalities for the energy bound are derived by decomposing a κ-symmetry con-
dition and equivalently, bispinors in calibration conditions from existing literature. We explain
how the closure of the calibration forms is related to the integrability conditions of the Excep-
tional Sasaki-Einstein structure, in particular for AdS space-filling or point-like branes. Doing
so, we show that the form parts of the twisted vector structure in M-theory provides genera-
lised calibrations, reproducing the result conjectured in a recent paper. The IIB case yields
analogous results. Finally, we discuss briefly the extension of the conjecture to hypermultiplet
structures and other brane configurations.
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1 Introduction
The interest for compactifications with non-trivial fluxes prompted the study of formulations of
10 and 11-dimensional supergravity where the gauge transformations of the higher-rank p-forms are
treated on the same footing as diffeomorphisms. For instance, Generalised Complex Geometry (GCG)
as defined by Hitchin and Gualtieri [1,2], and also referred to asO(d, d) generalised geometry, provides a
very elegant description of the NSNS sector of type II supergravity theories by treating diffeomorphisms
and gauge transformations of the NS two-form B as elements of the O(d, d) structure group of a
generalised tangent bundle, where d is the dimension of the compactification manifold.
The inclusion of non-vanishing RR fields requires a further extension of the generalised tangent
bundle that now has structure group in the U-duality group. This leads to the notion of Ed(d) × R+
or Exceptional Generalised Geometry [3–7].
A common approach to study supergravity backgrounds preserving a given amount of supersymme-
try is the use of G-structures: the background admits a set of globally defined tensors that reduce the
structure group. The supersymmetry conditions are reformulated as differential conditions on these
geometrical structures. In generalised geometry, the same approach leads to the notion of generalised
structures, which are now sum of forms (or polyvectors) of different degree. Again the supersymmetry
equations can be expressed as differential conditions on these generalised structures. For instance,
in Generalised Complex Geometry, the supersymmetry conditions become differential equations on a
pair of polyforms that are pure spinors on the generalised tangent bundle [8, 9]. A similar analysis in
Exceptional Geometry led to the notion of Exceptional Calabi-Yau spaces (ECY) for compactifications
to Minkowski spaces [10].
G-structures also appear naturally in defining calibration forms on the compactification manifolds.
A p-form φ on a d-dimensional manifold M (d > p) is a calibration if and only if it is closed, i.e.
dφ = 0, and its pull-back to any tangent p-plane S satisfies the inequality
PS [φ] ≤ volS , (1.1)
where volS is the volume form on the plane S induced from the metric onM [11]. The ordering relation
in (1.1) has to be read as PS [φ] = αvolS , with α ∈ R+ and α ≤ 1. For the supersymmetric backgrounds
relevant in string and M-theory the calibration forms can be written as bilinears in the supersymmetry
Killing spinors. For instance, on Calabi-Yau manifolds there are two types of calibration forms, which
correspond to products of the Kähler form and to the real part of the holomorphic form on the
Calabi-Yau.
A p-dimensional submanifold Σp is called calibrated if it saturates the condition (1.1) at each
point: PΣp [φ] = volΣp . One can show that a calibrated submanifold minimises the volume in its
homology class. Indeed, given another submanifold Σ′, such that Σ− Σ′ = ∂B is the boundary of a
p+ 1-dimensional manifold B, one has (see e.g. [11])
Vol (Σ′) =
∫
Σ′
volΣ′ ≥
∫
Σ
PΣ[φ] +
∫
∂B
P∂B[φ] =
∫
Σ
volΣ +
∫
B
dPB [φ] = Vol (Σ) , (1.2)
where we used the definition of calibration form, Stokes’ theorem and the fact that Σ saturates the
inequality (1.1). For a nice review on these arguments, one can refer, for instance, to [12].
Calibrations are useful tools in string theory because they provide a classification of supersymmetric
branes in a given background. In a purely geometric background (no fluxes) supersymmetric branes
wrap calibrated submanifolds, so that they minimise their volume [13–16]. The calibration form is
constructed as a bilinear in the Killing spinors of the background geometry, and its closure follows
from the Killing spinor equations of the background.
In the more general case of a background with non-trivial fluxes supersymmetric branes are asso-
ciated with generalised calibrations. Since the branes couple with the background fluxes, they do not
correspond to minimal volume submanifolds but to configurations that minimise the energy. As in the
fluxless case the generalised calibration form is related to the Killing spinors of the background [17–26].
Also in these cases the calibration forms can be written as bilinears in the Killing spinors and the
closure of the generalised calibration form can then be deduced from the Killing spinor equations of
the supersymmetric background [18, 23, 24, 27].
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Due to the AdS/CFT correspondence, much effort has been spent in understanding the structure
of AdS compactifications [28–30]. For these spaces exceptional generalised geometry yields the notion
of Exceptional Sasaki-Einstein structures (ESE) [31]. The exceptional structure contains a generalised
vector K that generalises the Reeb vector field and the contact structure of usual Sasakian geometry.
For this reason, it is believed to encode information on brane configurations and conformal dimensions
of chiral operators, as the contact structure does in [32]. In particular, in [31] the form parts of the
generalised vector K were conjectured to describe generalised calibrations for brane configurations
dual to barionic operators in the dual gauge theory. The aim of this work is to prove this conjecture
and to show that the vector structure is indeed associated to generalised calibrations. More precisely,
we study the conditions to have supersymmetric extended objects in N = 2 AdS backgrounds in terms
of Exceptional Sasaki-Einstein structures.
In this article, we are interested in investigating the relation between the Exceptional Sasaki-
Einstein structures and generalised brane calibrations in AdS5 ×M5 backgrounds in type IIB and in
AdS5×M6 and AdS4×M7 compactifications in M-theory. We focus on the calibration forms associated
to branes wrapping cycles in the internal manifolds and that are point-like in the AdS space. We show
that for these configurations the general expression for the calibration forms – constructed using κ-
symmetry – can be expressed in terms of the generalised Killing vector K defining the Exceptional
Sasaki-Einstein structure. Moreover, we derive that the closure of the calibration forms is given by
the integrability (more precisely the LK condition) of the ESE structure. Our results proves the
conjecture appeared in [31], that the generalised Killing vector is a generalised calibration. We also
partially discuss other brane configurations that are calibrated by the vector K.
The analysis in this article is far from being complete. For instance we did not fully study the
calibration forms for branes with world-volumes spanning different directions in the AdS space. These
should be related to components of the hypermultiplet structures and their closure to the moment
map conditions. It would also be interesting to perform a similar analysis for compactifications
to Minkowski space where the relevant structures are Generalised Calabi-Yau’s [10]. We leave this
analysis for future work.
The article is organised as follows. In section 2 we briefly review the basic notions of exceptional
generalised geometry necessary in the following discussions. A more detailed presentation can be
found, for instance, in [10, 31]. Sections 3 and 4 are the core of the work. We discuss the expression
of the calibration forms and we interpret them in terms of Exceptional Sasaki-Einstein structures for
AdS4 and AdS5 compactifications in M-theory (section 3) and AdS5 compactifications in type IIB
(section 4).
Conventions for Clifford algebras and bilinears of spinor notations as well as some technical remarks
on the approaches in the main text are relegated to the appendices.
2 Exceptional Geometry for M-theory and type II
In this section we briefly summarise the basic features of the generalised geometries we need in
the rest of the paper. We refer to [10] and [31] for more details.
We are interested in compactifications of M-theory and type IIB supergravity to four and five
dimensions with N = 2 supersymmetry (or equivalently with eight supercharges). In all these cases,
we take the space-time to be a warped product
ds2 = e2∆ds2(XD) + ds
2(Md) (2.1)
where Md is a d-dimensional compact manifold and XD is the external space-time with D = (11− d)
in M-theory and D = (10−d) in type IIB. The external manifold X has Lorentzian signature and, for
our purposes, it will be Minkowski or Anti de Sitter. ∆ is a real function of the internal coordinates
called warp factor.
In exceptional geometry one considers an extended tangent bundle on M whose structure group is
the exceptional group Ed(d) in M-theory or Ed+1(d+1) in type II and then defines geometric structures
on it. These groups correspond to the U-duality groups of the toroidal compactifications of the theories,
in our cases to four or five dimensions.
3
2.1 M-theory
The relevant groups for compactifications to four and five dimensions are E7(7) and E6(6), respec-
tively. In both cases the generalised tangent bundle is a vector bundle of the group Ed(d). It is
convenient to decompose the generalised tangent bundle in representations of the structure group
GL(d) of the manifold M ,
E ∼= E˜ := TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M ⊕ (T ∗M ⊗ Λ7T ∗M) . (2.2)
The sections of E are called generalised vectors and can be written as
V = v + ω + σ + τ , (2.3)
where v ∈ TM is a vector, ω ∈ Λ2T ∗M is a two-form, σ ∈ Λ5T ∗M a five-form and τ ∈ T ∗M⊗Λ7T ∗M
is the tensor product of a one-form and a seven-form.
One can also introduce generalised tensors as sections of bundles carrying different representations of
Ed(d). In particular, one defines the adjoint bundle as
adF ∼= R∆ ⊕ (TM ⊗ T ∗M)⊕ Λ3T ∗M ⊕ Λ6T ∗M ⊕ Λ3TM ⊕ Λ6TM , (2.4)
with sections
A = l + r +A+ A˜+ α+ α˜ , (2.5)
where l ∈ R gives the shift of the warp factor ∆, r ∈ End(TM), A ∈ Λ3T ∗M is related to the
three-form potential of M-theory, A˜ ∈ Λ6T ∗M to its dual, while α ∈ Λ3TM and α˜ ∈ Λ6TM are a
three- and a six-vector.
The three- and six-form potentials A and A˜ of M-theory are encoded as twists of the generalised
tangent bundle. The twisted bundle E has sections
V = eA+A˜V˜ , (2.6)
where A = A˜ + A is in the adjoint of Ed(d) and its (exponentiated) action is defined in appendix E
of [10]. The choice of potentials in (2.6) defines an isomorphism between the twisted and untwisted
bundles E and E˜ [4]. This constrains the topology of the generalised tangent bundle and gives the
correct patching (or gauge) transformations for the M-theory potentials [5].
Similarly, if R˜ is a section of adF , its twisting is given by,
R = eA+A˜ R˜ e−A−A˜ , (2.7)
which is compatible with the twisting of the fundamental representation in (2.6).
2.2 Type IIB theory
The relevant groups in type II are again E7(7) and E6(6), and the generalised tangent bundle is
then a vector bundle of Ed+1(d+1) [7, 10]. The decomposition of E under GL(d) reads
E ∼= E˜ := TM ⊕ T ∗M ⊕ ΛoddT ∗M ⊕ Λ5T ∗M ⊕ (T ∗M ⊗ Λ6T ∗M)
∼= TM ⊕ (S ⊗ T ∗M)⊕ Λ3T ∗M ⊕ (S ⊗ Λ5T ∗M)⊕ (T ∗M ⊗ Λ6T ∗M) , (2.8)
where ΛoddT ∗M denotes odd forms on M . 3The sections of the untwisted bundle are
V˜ = v + λ˜i + ρ˜+ σ˜i + τ˜ . (2.9)
The index i = 1, 2 on the one- and five-forms denotes that they transform as doublets of the SL(2)
S-duality group. In this case the adjoint bundle is
adF ∼= R∆ ⊕ Rφ ⊕ Λ2T ∗M ⊕ Λ2TM ⊕ Λ6T ∗M ⊕ Λ6TM ⊕ ΛevenT ∗M ⊕ ΛevenTM , (2.10)
3For IIA the generalised tangent bundle is the same with odd forms replaced by even ones. Equivalently, one can
derive the EGG relative to type IIA from the M-theory one, reducing on a circle all the relevant quantities.
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where Rφ and R∆ denote the shifts of the dilaton and warp factors respectively, the forms correspond
to the RR and NSNS potentials, while the vectors are obtained raising indices with the metric. The
twisted tangent bundle again follows upon twisting with elements of the adjoint bundle,
V = eB
i+C V˜ , i = 1, 2 , (2.11)
where Bi are the NS and RR two-form potentials and C is the four-form potential.
2.3 Generalised Lie derivative
An important object in the construction of the theory is the generalised Lie derivative or Dorfman
derivative. It generates the infinitesimal generalised diffeomorphisms (diffeomorphisms plus gauge
transformations) and it is defined in analogy with the ordinary Lie derivative L [4]. Given two
generalised vectors V ′ and V the generalised Lie derivative is
LV V
′ = V · ∂V ′ − (∂ ⊗adj V ) · V ′ , (2.12)
where · denotes the adjoint action, and the term in brackets indicates the projection onto the adjoint
bundle representation,
⊗adj : E∗ × E → adj . (2.13)
Decomposing in GL(d) representations, the action of LV on a generalised vector V
′ is
LV V
′ = Lvv′ + (Lvω′ − ιv′dω) + (Lvσ′ − ιv′dσ − ω′ ∧ dω)
+ (Lvτ ′ − jσ′ ∧ dω − jω′ ∧ dσ) (2.14)
for M-theory4 [4], while for type IIB it reads [10],
LV V
′ = Lvv′ +
(Lvλi′ − ιv′dλi)
+
(Lvρ′ − ιv′dρ+ ǫijdλi ∧ λj′)
+
(Lvσi′ − ιv′dσi + dρ ∧ λi′ − dλi ∧ ρ′)
+
(Lvτ ′ − ǫijjλi′ ∧ dσj + jρ′ ∧ dρ+ ǫijjσi′ ∧ dλj) .
(2.15)
In practical computations it is often useful to work in terms of untwisted quantities. We then
define a “twisted” generalised Lie derivative that acts on an untwisted tensor α˜ as
LˆV˜ α˜ = e
−AL eAV˜
(
eAα˜ e−A
)
, (2.16)
where A is the element of the adjoint bundle used to twist the generalised tensor α˜. The twisted
Dorfman derivative can be written as
LˆV˜ α˜ = Lv˜α˜− R˜(V˜ ) · α˜ , (2.17)
where the adjoint element R˜ is given in terms of the untwisted vector V˜ and the fluxes of the potentials
used for the twisting [10]
R˜(V˜ ) =
{
dω˜ − ιvF + dσ˜ − ιvF˜ + ω˜ ∧ F M-theory ,
dλ˜i − ιvF i + dρ˜− ιvF − ǫij λ˜i ∧ F j + dσ˜i + λ˜i ∧ F − ρ˜ ∧ F i type IIB .
(2.18)
Here, the gauge invariant field strengths are
F = dA , F˜ = dA˜− 12A ∧ F M-theory
F i = dBi , F = dC − 12ǫijF i ∧Bj type IIB
(2.19)
where one has in M-theory F˜ = ⋆11F , and in type IIB F
1
3 = H and F
2
3 = F3.
4Given λ ∈ ΛpT ∗M and µ ∈ Λd−p+1T ∗M , the “j-operator” is defined as
(jλ ∧ µ)m,m1...md =
d!
(p− 1)!(d − p+ 1)!
λm[m1...mp−1µmp...md] ,
where jλ ∧ µ ∈ T ∗M ⊗ ΛdT ∗M .
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2.4 Exceptional structures
As for ordinary G-structures, the existence of globally defined generalised tensors reduces the
structure group of E and defines generalised G-structures in exceptional geometry.
As shown in [10,31,33], a supersymmetric background with eight supercharges is characterised by
the existence of hyper- and vector-multiplet structures, defining the relative generalised G-structure.
A hypermultiplet structure [10], or H structure for short, is a triplet of sections of the weighted adjoint
bundle
Ja ∈ Γ(adF˜ ⊗ (detT ∗M)1/2) , (2.20)
such that
[Ja, Jb] = 2κǫabcJc and tr (JaJb) = −κ2δab . (2.21)
The triplet Ja realizes a Spin
∗(12) ⊂ E7(7) ×R+ structure and an SU∗(6) ⊂ E6(6) ×R+ for compacti-
fications to four and five dimensions, respectively.
A vector structure, or V structure, is given by a generalised vector
K ∈ Γ (E) (2.22)
that has positive norm
q(K) > 0 or c(K) > 0 , (2.23)
where q(K) denotes the E7(7) quartic and c(K) the E6(6) cubic invariant. The generalised vector K
defines an E6(2) and F4(4) structure in D = 4 and D = 5, respectively.
One can impose the following compatibility conditions on Ja and K
Ja ·K = 0 and tr (JaJb) =
{
−2√q(K)δab D = 4
−c(K)δab D = 5
(2.24)
The pair (Ja,K) is then called an HV structure and defines an SU(6) = Spin
∗(12) ∩ E6(2) structure
and a USp(6) = SU∗(6) ∩ F4(4) structure in D = 4 and D = 5, respectively (see [10]). The explicit
form of the HV structure depends on the theory and the dimension of the compactification manifold.
For instance, the generalised vector K is
K =


ξ + ω + σ + τ M theory
ξ + λi + ρ+ σi + τ type IIB
(2.25)
We will give the form of the H structure in the following sections for the cases of interest for this work.
As discussed in [10, 31], the Killing spinor equations for backgrounds preserving N = 2 supersym-
metry are equivalent to a set of integrability conditions for the HV structure (Ja,K),
µa(V ) = λaγ(V ) ∀V ∈ Γ(E) , (2.26a)
LKK = 0 , (2.26b)
LKJa = ǫabcλbJc , LK˜Ja = 0 , (2.26c)
where the second condition in (2.26c) only applies for D = 4. The functions µa(V ) are a triplet of
moment maps for the action of the generalised diffeomorphisms,
µa(V ) = −1
2
ǫabc
∫
M
tr(JbLV Jc) . (2.27)
The constants λa are zero for Minkowski backgrounds, while for AdS are related to the inverse of the
AdS radius |λ| = 2m for D = 4 and |λ| = 3m for D = 5, where |λ|2 = λ21 + λ22 + λ23. Finally, the
function γ is defined as
γ(V ) = 2
∫
M q(K)
−1/2q(V,K,K,K) D = 4 ,
γ(V ) =
∫
M c(V,K,K) D = 5 .
(2.28)
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In this paper we are interested in AdS compactifications. The AdS backgrounds satisfying (2.26a)-
(2.26c) are called Exceptional Sasaki-Einstein (ESE) [31]. Examples of such structures are type IIB
theory on AdS5 ×M5 and M-theory on AdS5 ×M6 and AdS4 ×M7 [31], where they generalise the
properties of the usual Sasaki-Einstein manifolds.
For ESE structures, an important consequence of the supersymmetry conditions is that the gene-
ralised vector K is a generalised Killing vector, that is
LKG = 0 , (2.29)
where the generalised metric G contains the bosonic degrees of freedom of the supergravity theory [5,7].
The generalised Killing vector condition for M-theory is equivalent to
Lξg = 0 , LξA− dω = 0 , LξA˜− dσ + 12dω ∧ A = 0 , (2.30)
while in type IIB one has
Lξg = 0 , LξC = dρ− 12ǫijdλi ∧Bj ,
LξBi − dλi = 0 , LξB˜i = dσi + 12dλi ∧ C − 12dρ ∧Bi + 112ǫklBi ∧Bk ∧ dλl .
(2.31)
The generalised Killing vector condition on K means that the action of the generalised Lie deriva-
tive on the untwisted objects reduces to the usual one,
LˆK · = Lξ· , (2.32)
where ξ denotes the (necessarily non-vanishing) vector component of K. By virtue of (2.17) this is
equivalent to the vanishing of the tensor R˜ in (2.18). We will refer to (2.26a) as moment map condition
while to (2.26b), (2.26c) and the vanishing of R˜ in (2.18) as LK condition. K is called generalised Reeb
vector because it naturally generalises the isometry described by the usual Reeb vector in Sasakian
geometry.
3 Generalised calibrations in M-theory
The aim of this section is to study calibrations for supersymmetric brane configurations of M-theory
on AdS backgrounds of the form (2.1) in terms of exceptional geometry. AdS calibrations have been
thoroughly discussed in the literature [17,18,23,34] and led to the notion of generalised calibration. In
this section we will interpret these calibrations in terms of the Exceptional Sasaki-Einstein structures
describing the AdS background.
Supersymmetry static M-theory backgrounds have been studied in [35]. A supersymmetric back-
ground admits a Majorana Killing spinor ε satisfying,
∇Mε+ 1
288
[
Γ NPQRM − 8δ NM ΓPQR
]
GNPQR ε = 0 , (3.1)
where M,N, . . . = 0, 1, . . . , 10, G = dA is the four-form field strength and the Gamma matrices are
the Clifford algebra elements in 11 dimensions. The four-form G and the metric g satisfy the relative
equations of motion
RMN − 1
12
(
GMPQRG
PQR
N −
1
12
gMNG
2
)
= 0 , (3.2)
d ⋆ G+
1
2
G ∧G = 0 . (3.3)
The Killing spinor can then be used to build one-, two- and five-forms
KM = ε¯ΓMε , (3.4a)
ωMN = ε¯ΓMNε , (3.4b)
ΣMNPQR = ε¯ΓMNPQRε , (3.4c)
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and the supersymmetry conditions imply that
dK = 23 ιωG+ 13 ιΣ ⋆ G , (3.5a)
dω = ιKG , (3.5b)
dΣ = ιK ⋆ G− ω ∧G . (3.5c)
Supersymmetry also implies that the vector KˆM dual to the one-form (3.4a) is a Killing vector,
i.e.
LKˆg = 0 , LKˆG = 0 . (3.6)
The vector KˆM can be either null or time-like, and for the backgrounds of interest here it is time-like5.
Now let us focus on AdS backgrounds,
ds2 = e 2∆ds2(AdS) + ds2(M) , (3.7)
where ∆ is a real function on M , the warp factor.
As usual, to construct the generalised calibrations for M-branes we can use κ-symmetry. A super-
symmetric brane satisfies the bound
Γˆε = ε , (3.8)
where ε is the background Killing spinor and the κ-symmetry operator Γˆ depends on the type of brane.
For an M5-brane this is defined as [23, 36],
Γˆ =
1
LDBI
Γ0
[
1
4
Γα(H˜yH)α +
1
2
ΓαβH˜αβ +
1
5!
Γα1...α5ǫα1...α5
]
, (3.9)
where H = dB +P [A] is the world-volume three-form, H˜ is its world-space dual [37–39]6and LDBI is
the Dirac-Born-Infeld Lagrangian for the M5 brane,
LDBI = −
√
− det(P [g] + H˜) . (3.11)
Per usual, P [•] denotes the pull-back on the M5 world-volume and we defined
Γα1...αs = ΓM1...Ms∂α1X
M1 . . . ∂αsX
Ms . (3.12)
As discussed in [23, 36], the κ-symmetry condition (3.8) can be used to derive the following
bound [40],
‖ε‖2LDBI vol5 ≥
[
1
2
P [ιKˆH ] ∧H + P [ω] ∧H + P [Σ]
]
, (3.13)
where K, Σ and ω are defined in (3.4). To satisfy the bound one has to take into account that the
space is Anti-de Sitter. As discussed in [36], the norm ε†ε depends on the AdS coordinates and the
bound is saturated when the M5 brane sits at the center of AdS. Explicitly, the metric of AdSn in
global coordinates can be written as,
ds2 = R2
(− cosh2 ̺ dt2 + d̺2 + sinh2 ̺ dΩn−2) , (3.14)
and ε†ε ∝ cosh ̺, thus, the bound (3.13) can be saturated only for ̺ = 0, i.e. in the center of AdS.
5In this case the forms K, ω and Σ define an SU(5) structure in 11 dimensions.
6The field H˜ is defined in terms of an auxiliary scalar field a, which is needed to ensure the Lorentz covariance of
the world-volume Lagrangian [37, 38],
H˜µν =
1
√
|∂a|2
(⋆H)µνα ∂
αa(σ) . (3.10)
The scalar a is subject to a gauge transformation and one usually fixes it by going to the temporal gauge, i.e. a = σ0 = t.
This gauge fixing procedure breaks the Lorentz invariance SO(1, 5) down to SO(5) and sets H˜ equal to the world-space
dual of H.
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Further, the bound (3.13) can be used to derive a bound on the energy of an M5 brane [23, 36].
The energy of the an M5-brane is given by
EM5 = −
∫
S
d5σ g(Pˆ , Kˆ) , (3.15)
where S denotes the 5-dimensional world-space of the brane, PˆM is the conjugate momentum7 [39],
PˆM =
∂LM5
∂(∂τXM )
= PM +
1
4
1
5!
ǫτα1...α5Hα1α2α3Hα4α5α6∂
α1XM
− τ5
5!
ǫτα1...α5
[
ιM A˜− 12 ιMA ∧ (A− 2H)
]
α1...α5
,
(3.16)
whereXM are the embedding coordinates of the brane. The quantity g(Pˆ , Kˆ) = PˆM KˆNgMN can be in-
terpreted as a Noether charge density of the symmetry generated by Kˆ [41]. Then the inequality (3.13)
gives a bound on the energy of the brane,
EM5 ≥ EBPSM5 , (3.17)
where
EBPSM5 =
∫
S
P [Σ] + P [ιKˆA˜] + P [ω] ∧H + 12P [ιKˆH ] ∧ (A− 2H) . (3.18)
As shown in [36], the form
ΦM5 = Σ+ ιKˆA˜+ ω ∧H + 12 ιKˆH ∧ (A− 2H) , (3.19)
is a generalised calibration, namely is closed by supersymmetry and it minimises the energy in its
homology class being a topological quantity [23].
The discussion for an M2 brane works analogously, and the calibration form is
ΦM2 = ω + ιKˆH . (3.20)
As final comment, we want just to point out that the construction above can also be derived by
the supersymmetry algebra. The same calibration forms emerge in the supersymmetry algebra with
the central extensions due to the presence of BPS extended objects, and one can prove their closure
by using the Killing spinor equations [18, 24, 25].
3.1 Calibrations on AdS5 ×M6
Even if the formalism described in the previous section is completely general, in what follows we
will focus on static M-branes in backgrounds of the type (3.7) and we will show how the calibration
forms (3.19) and (3.20) are naturally encoded in the generalised Sasaki-Einstein structure.
We consider first the case of compactifications to 5-dimensional AdS spacetime. The supersym-
metry conditions for backgrounds of this type are given in [28], while the corresponding exceptional
generalised geometry is presented in [31, 33], and we briefly review it below. We refer to these works
also for notation and conventions, and we collect, for convenience, again the relevant conventions used
here in appendix A.2.
The metric takes the form
ds2 = e 2∆ds2AdS5 + ds
2
M6 , (3.21)
where we denote the inverse AdS radius as m. As shown in [28], supersymmetry constrains the
geometry of the six-dimensional internal manifold: M6 has a local SU(2) structure and topologically
is a two-sphere bundle over a four-dimensional base8.
7To write this expression, we have chosen again the static gauge XM = (t, σα).
8The four dimensional base can be either a Kähler-Einstein manifold with positive curvature or a product of two
constant curvature Riemannian surfaces. The latter case in non-Einstein [28].
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There is a non-trivial four-form field strength F with non-zero components along the internal
manifold M6,
Fm1...m4 = (F)m1...m4 , (3.22)
while the external components are set to zero, Fµ1...µ4 = 0.
The internal flux F satisfies the equations of motion and the Bianchi identity
dF = 0 , d( e∆ ⋆6 F ) = 0 , (3.23)
with ⋆6 the Hodge star on M6, while the dual form F˜m1...m7 = (⋆11F)m1...m7 identically vanishes on
the six-dimensional internal manifold M6.
The Clifford algebra Cliff(1, 10) decomposes in Cliff(1, 4) and Cliff(0, 6):
Γˆµ = e∆ ρµ ⊗ γ7 , Γˆm+4 = 14 ⊗ γm , (3.24)
with γ7 = − i γ1 . . . γ6 the chiral operator in 6 dimensions, and ρ and γ matrices satisfying
{ρα, ρβ} = 2ηαβ1 , {γa, γb} = 2δab1 , (3.25)
in terms of the frame indices α, β = 0, . . . , 4 on AdS5 and a, b = 1, . . . , 6 on M6. We collect further
conventions about spinors and Clifford algebras in appendix A.2.
To have an N = 2 supersymmetric background we decompose the 11-dimensional spinor as
ε = ψ ⊗ χ+ ψc ⊗ χc , (3.26)
where ψ is an element of Cliff(1, 4). Notice that, in order to have an AdS backgrounds, the internal
spinor χ cannot be a chirality eigenstate [28]. Hence, it can be written as,
χ =
√
2 (cosαχ1 + sinαχ
∗
2) , (3.27)
where α is a parameter chosen to get the unit norm for the spinor, as in [28].
The exceptional geometry for these backgrounds is given in [31, 33]. The exceptional bundles to
consider are again (2.2) and (2.4). The vector structure K ∈ E and the hypermultiplet structure
Ja ∈ adF can be expressed in terms of the SU(2) structure of [28].
In this paper we are mostly concerned with the generalised Killing vector K. Its untwisted version
is given by
K˜ = ξ − e∆Y ′ + e∆Z ≡ ξ + ω˜ + σ˜ ∈ E˜ (3.28)
with the vector ξ, the two-form Y ′ and five-form Z defined in terms of spinor bilinears as in [31],
ξ = − i (χ¯1 + χT2 ) γ(1) (χ1 − χ∗2) , (3.29)
Y ′ = − i (χ¯1 + χT2 ) γ(2) (χ1 − χ∗2) , (3.30)
Z = − i (χ¯1 + χT2 ) γ(5) (χ1 − χ∗2) . (3.31)
The twisted version of the V structure is obtained by the (exponentiated) adjoint action
K = eA+A˜K˜ , (3.32)
where A is the three-form and A˜ the six-form potential of M -theory. Using the expressions for the
commutator and the adjoint action from [10, App. E], one obtains [31]
K = ξ +
(
ιξA− e∆Y ′
)
+
(
e∆Z − e∆A ∧ Y ′ + 12 ιξA ∧ A
)
. (3.33)
As discussed above, the tensor R˜ must vanish for the generalised Lie derivative to reduce to the usual
one, and this is equivalent to [31]
dω˜ = ιξF , dσ˜ = ιξF˜ − ω˜ ∧ F . (3.34)
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On M6, this yields the differential conditions
d
(
e∆Y ′
)
= −ιξF , (3.35a)
d
(
e∆Z
)
= e∆Y ′ ∧ F , (3.35b)
which we refer to as LK conditions in the language of exceptional generalised geometry.
Supersymmetry gives also the Killing vector condition
LξF = Lξ∆ = Lξg = 0 . (3.36)
We can now discuss how the generalised Killing vector K is related to the calibration forms for
supersymmetric branes. The general calibrations for M5 and M2 branes are given by the (3.19)
and (3.20). With an appropriate choice of the AdS5 gamma matrices (see appendix A.2), the 11-
dimensional Killing vector KM in (3.4a) has only the following non-zero components,
K0 = ψ¯ρ0ψ (3.37a)
Km = − i
(
χ¯1 + χ
T
2
)
γm (χ1 − χ∗2) = ξm , (3.37b)
where we fixed the norms of the spinors to χ¯χ = 1 and (ψ¯ψ) = i /2 and ξm is the Reeb vector on M6.
Consistently, we also fixed the value of the angular parameter to α = π/4 in (3.27).
The specific expression of the calibration forms ΦM5 and ΦM2 in (3.19) and (3.20) depends on how
many AdS directions are spanned by the world-volume of the branes.
Consider an M5 wrapping a 5-cycle in M6. We choose again the static gauge for the brane
embedding and we set to zero the world-volume gauge field (so H = A). The the relevant components
of Σ and ω in (3.4b) and (3.4c) are the internal ones,
ωm1m2 = e
∆ χ¯γ7γm1m2χ = e
∆Y ′ , (3.38a)
Σm1...m5 = e
∆ χ¯γ7γm1...m5χ = e
∆Z , (3.38b)
and the calibration form in (3.19) reads (recall that the pull-back of A˜ is zero),
ΦM5 = e
∆Z − e∆A ∧ Y ′ + 12 ιξA ∧ A . (3.39)
Note that this is exactly the pull-back on the brane of the twisted generalised vector K in (3.33). A
similar computation for an M2-brane wrapping a 2-cycle in M6 gives
ΦM2 = e
∆Y ′ − ιξA , (3.40)
which is again the pull-back on the M2-brane of the twisted generalised vector K. Using the LK
conditions (3.35) and choosing a gauge for A such that LξA = 0, it is straightforward to check that
ΦM5 and ΦM2 are closed. Explicitly, for instance for M5, one has,
dΦM5 = d( e
∆Z)− d( e∆A ∧ Y ′) + 12d(ιξA ∧ A)
= e∆Y ′ ∧ F − F ∧ e∆Y ′ + ιξF ∧ A+ 12d(ιξA) ∧A+ 12 ιξA ∧ F
= ιξF ∧ A+ 12LξA ∧ A− 12 ιξF ∧ A− 12A ∧ ιξF = 0 .
(3.41)
Analogously, one can verify that ΦM2 is also closed, showing that the purely internal configuration of
the membrane is supersymmetric.
The generalised vector K is also related to the calibration forms for other types of brane probes.
Here, as example, we briefly discuss the case of branes with one one leg in the external space-time,
that is a string moving in AdS. We leave the study of other more general membrane configurations to
future work. The calibration forms for M2 and M5-branes of this kind are given by (3.19) and (3.20)
in this case, take the following form
ΦM2 = e
2∆ζ˜1 (3.42)
ΦM5 = e
2∆ ⋆ Y ′ + e 2∆ζ˜1 ∧ A (3.43)
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where Z = ⋆ζ˜1. The two calibrations are components of the (poly)-form
Φ = e 2∆ζ˜1 + e
2∆ ⋆6 Y
′ + e 2∆ζ˜1 ∧ A . (3.44)
which is the Hodge dual of the vector structure (3.33). We want now to study its closure and its relation
to the integrability conditions. In this case, the closure follows from the moment map condition µ3 ≡ 0,
rather than from the LK condition. In [31], it is shown that this condition requires
d
(
e 2∆ζ˜1
)
= 0 , (3.45)
so that this form calibrates a M2-brane. Again, combining the two conditions, we get
d
(
e 3∆ sinΘ
)
= 2m e 2∆ζ˜1 and d
(
e 3∆V
)
= e 3∆ sinΘF + 2m e 2∆ ⋆ Y ′ . (3.46)
From the vanishing of µ3 in [31], it is easy to verify that the form e
2∆ ⋆6 Y
′ + e 2∆ζ˜1 ∧ A is closed
(for non-vanishing m).
3.2 Calibrations in AdS4 ×M7
In this section, we discuss M-theory calibrations on AdS4 backgrounds. Again, we first review the
exceptional generalised geometry [31] and then relate it to generalised calibrations. Conventions for
the spinor bilinears and the supersymmetry equations for the internal forms can be found in [36] and
the relevant ones for this work are collected in appendix A.2.
The background metric has the following form
ds2 = e 2∆ds2AdS4 + ds
2
M7 . (3.47)
We set the inverse AdS4 radius to m = 2. In addition, there is a non trivial four-form flux
G = mvol4 + F , (3.48)
where F = dA is the flux component onM7 and it satisfies the following Bianchi identity and equations
of motion
dF = 0 , d( e 2∆ ⋆7 F ) = −mF , (3.49)
with ⋆7 the Hodge star on M7. We will also need its dual F˜ = dA˜− 12A ∧ F .
The 11-dimensional gamma matrices split as
Γµ = e
∆ρµ ⊗ 1 and Γm = e∆ρ5 ⊗ γm , (3.50)
with {ρµ, ρν} = 2gµν and {γm, γn} = gmn. The matrix ρ5 = i ρ0123 is the chirality operator in
four dimensions, and γ1...7 = i1. For further details about Clifford algebra conventions we refer to
the appendix A.
The spinor ansatz preserving eight supercharges reads [36, 42]
ε =
∑
i=1,2
ψi ⊗ e∆/2χi + ψci ⊗ e∆/2χci
= e∆/2ψ+ ⊗ χ− + e∆/2ψ− ⊗ χ+ + c.c.
(3.51)
where χ± := 1√2 (χ1 ± iχ2) and ψ± := 1√2 (ψ1 ± ψ2). In addition, we take the AdS4 spinors ψi to
have positive chirality, i.e. ρ5ψi = ψi.
Combining the supersymmetry conditions and equations of motion for the fluxes one can express
the internal fluxes in terms of spinor bilinears by [36],
F =
3m
f˜
d( e 6∆Im(χ¯c+γ(3)χ−)) , (3.52)
F˜ = −f˜ vol7 . (3.53)
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The features of the solutions depend on the electric charge m. When m = 0 the solutions cor-
respond to near horizon geometries of M5-branes wrapped on internal cycles (no M2 charge). The
geometries with m 6= 0 correspond to the presence of a non-vanishing M2 charge. For m 6= 0 the
internal manifolds always admit a canonical contact structure, as shown in [36].
The generalised geometry relevant for backgrounds of this kind is discussed in [31]. The HV
structure is given by a generalised vector X in the fundamental of E7(7) and a triplet Ja in the adjoint
representation. The untwisted vector reads
X˜ = ξ + e 3∆Y + e 6∆Z − i e 9∆τ , (3.54)
where the forms are bliinears in the internal background spinors
σ = i χ¯c+γ(1)χ− , Y = i χ¯
c
+γ(2)χ− , Z = ⋆7Y , τ = σ ⊗ vol7 , (3.55)
and ξ is the vector dual to the one-form σ. Notice that the vector structure has the same form in both
cases of a Sasaki-Einsten internal manifold and of a generic flux background [31]. Indeed the seven-
dimensional manifolds giving N = 2 supersymmetry always admit a local SU(2) structure. Moreover,
the Killing vector constructed by spinor bilinears in (3.55) (or equivalently its dual one-form σ) defines
a contact structure. This allows us to write the M7 metric as a Reeb foliation, analogously to the case
of a Sasaki-Einstein manifold [36]. As a consequence, the volume form can be written making use of
the contact structure,
1
3!
σ ∧ dσ ∧ dσ ∧ dσ =
(
3m2
f˜
)3
e 9∆vol7 = 2
(
3m2
f˜
)3√
q(K) , (3.56)
where q(K) is the E7(7) invariant and K is the real part of the twisted vector structure X
K = ξ − 1
2
σ ∧ ω ∧ ω + ιξA˜ . (3.57)
As already mentioned in section 2.4, supersymmetry implies that X is a generalised vector and its
vector part, ξ, is a Killing vector. Through AdS/CFT, ξ is the dual of the R-symmetry of the conformal
N = 2 gauge theory in three dimensions. Then, as discussed in section 2, the generalised Lie derivative
along X must reduce to Lξ, which implies the vanishing of the tensor R˜, or more explicitly
d( e 3∆Y ) = ιξF ,
d( e 6∆Z) = ιξF˜ − e 3∆Y ∧ F .
(3.58)
As expected, these reproduce part of the supersymmetry equations in [36].
One can choose the gamma matrices and spinors in such a way that the Killing vector K has
components [36]
K0 =
∑
i
ψ¯iρ0ψi ,
Km = − i2 e 2∆ χ¯c+γmχ− .
(3.59)
As in the previous section, the form of the generalised calibrations for M5 and M2 branes, (3.19)
and (3.20), depends on the direction spanned by the branes. Again, we considered first anM5 wrapping
a 5-cycle in M7, with a zero world-volume gauge field (H = A) and in the static gauge.
In this case, the relevant components of the forms (3.4b) and (3.4c) are
ω = i2 e
3∆χ¯c+γ(2)χ− = e
3∆Y ,
Σ = − e 6∆(χ¯+γ(5)χc+ + χ¯c−γ(5)χ−) = e 6∆Z ,
and the calibration ΦM5 gives
ΦM5 = ( e
6∆Z +A ∧ e 3∆Y + 12 ιξA ∧ A+ ιξA˜) . (3.60)
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One can also add an M2 completely arranged along the internal directions. The corresponding cali-
bration form is given by,
ΦM2 = ( e
3∆Y + ιξA) , (3.61)
which together with ΦM5 gives rise to a poly-form,
Φ = ( e 3∆Y + ιξA) + ( e
6∆Z +A ∧ e 3∆Y + 12 ιξA ∧ A+ ιξA˜) , (3.62)
and this, again, corresponds to the vector structure. The closure of Φ, follows from supersymmetry9,
more precisely, from the LK conditions (3.58),
dΦ = d( e 3∆Y + ιξA) + d( e
6∆Z +A ∧ e 3∆Y + 12 ιξA ∧ A+ ιξA˜)
= ιξF + d(ιξA) + ιξF˜ − e 3∆Y ∧ F + F ∧ e 3∆Y −A ∧ ιξF
+ 12d(ιξA) ∧ A+ 12 ιξA ∧ F + d(ιξA˜)
= LξA+ LξA˜+ 12LξA ∧ F + 12A ∧ ιξF −A ∧ ιξF + 12 ιξA ∧ F = 0 ,
(3.63)
where in the last line we made a gauge choice, such that,
LξA = 0 , LξA˜ = 0 . (3.64)
One can consider not only branes wrapping internal cycles. For instance, for anM5-brane spanning
two spatial directions, we can show that – also in this case – the related calibration form comes from
the vector K. The relevant form is given by
Φ = ( e 3∆Y + ιξA) . (3.65)
The closure of this form comes directly from (3.58).
It is also easy to see that, in this case, branes with one leg aligned with an external space direction
are not supersymmetric, as indeed already discussed in [43].
For instance in the case of an M2 wrapping an internal cycle and with one external leg, the
candidate calibration form is proportional to σ in (3.55), which is not closed – i.e. dσ ∼ ω. This
condition, in the language of Exceptional generalised geometry, is a part of LKJa = ǫabc λbJc. It
is interesting to note that, on the other hand, this configuration is supersymmetric in the case of a
Minkowski background, since the analogous condition reads LKJa = 0, [10].
To conclude the analysis, let us focus on space-filling brane configurations. This case corresponds
to the Ja components of the Exceptional Sasaki-Einstein structure. For instance, for an M5-brane we
find
Φ = − e 4∆V− , (3.66)
where V− is the two-form defined from spinor bilinears as follows,
V± :=
1
2 i
(
χ¯+γ(2)χ+ ± χ¯−γ(2)χ−
)
, (3.67)
which gives the TM ⊗ T ∗M -component of Ja by raising one index. In particular, in the limit of a
Sasaki-Einstein manifold (the only one for which the expression of Ja is given explicitly in [31]), the
calibration form (3.66) corresponds to J3, and we have good reasons to trust this result also for the
cases where generic fluxes are turned on. We leave the complete discussion of these cases for future
work.
4 Supersymmetric branes in type IIB
In this section, we want to discuss the analogous conditions to have supersymmetric extended
objects in a type IIB supergravity AdS background and point out their connections to Exceptional
Sasaki-Einstein structures defining such backgrounds.
9Note that LK conditions imply that ΦM5 and ΦM2 are separately closed.
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We are interested in backgrounds with non trivial fluxes. The NS three-form is H = dB and the
RR fields are
F1 = dC0 , F3 = dC2 , F5 = dC4 − 1
2
H ∧ C2 + 1
2
F3 ∧B . (4.1)
The field strengths F satisfy the duality condition
Fp = (−1)
[p
2
]
⋆ F10−p , (4.2)
while the S-duality of type IIB is reflected in the fact that B with C2 form an SL(2) doublet. It could
be useful to define a complexified version of the three-form flux [44],
G = F3 + iH3 . (4.3)
The Bianchi identities are written as
dF5 =
1
8
Im G ∧G∗ , dG = 0 . (4.4)
The generalised calibrations for backgrounds with non-trivial NS-NS flux have been constructed
in [41] (see also [24, 26] for an equivalent derivation in terms of the supersymmetry algebra). The
two Majorana-Weyl supersymmetry parameters ε1 and ε2 can be used to construct the following
bilinears [45],
K = 1
2
(ε¯1ΓMε1 + ε¯2ΓMε2) dx
M , (4.5)
ω =
1
2
(ε¯1ΓMε1 − ε¯2ΓMε2) dxM , (4.6)
Ψ =
2∑
k=0
1
(2k + 1)!
ε¯1ΓM1...M2k+1ε2 dx
M1 ∧ . . . ∧ dxM2k+1 . (4.7)
Using the Killing spinor equations for type IIB, one can show that the vector Kˆ dual to the one form
K is a Killing vector [46],
LKˆg = 0 , LKˆF = 0 . (4.8)
Notice that also the spinor bilinears (4.5)–(4.7) are invariant under the transformation generated by Kˆ
LKˆω = 0 , LKˆΨ = 0 . (4.9)
As discussed in [41], we may write the κ-symmetry condition to have a supersymmetric Dp-brane
ΓˆDp ε2 = ε1 , (4.10)
where, the κ-symmetry operator is defined as [47, 48]
ΓˆDp =
1√− det (P [G] + F)
∑
2l+s=p+1
ǫα1...α2lβ1...βs
l!s!2l
Fα1α2 . . .Fα2l−1α2lΓβ1...βs , (4.11)
and P [•] denotes the pullback to the (p+1)-dimensional brane world-volume and F = F +P [B], with
B the NS two-form and F the world-volume gauge field-strength.
The energy of the brane (the charge associated to the transformation generated by Kˆ) is
E = −
∫
S
dpσ PˆM KˆM , (4.12)
where S is the brane world-space and Pˆ = ∂LDp
∂(∂τXM )
takes the form
PˆM = −µDpe−φ
√− detM(M−1)(ατ)BMN∂αXN + µDp
p!
ǫτα1...αp
[
ιM (C ∧ eF )
]
α1...ap
, (4.13)
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where we denotedM = P [g]+F . Note that again we are in the temporal gauge in adapted coordinates,
such that the world-volume of the brane is R× S. One has the usual BPS bound,
E ≥ EBPS , (4.14)
with
EBPS = µDp
∫
S
dpσ P
[
e−φΨ− ιKˆC − ω ∧ C
] ∧ eF
+ µDp
∫
S
dpσ P
[
ω − ιKˆB
] ∧ (C ∧ eF)∣∣
p−1 .
(4.15)
Thus, one can read the generalised calibration form from the last expression,
ΦDp = e
−φΨ− ιKˆC − ω ∧ C ∧ eF + ω − ιKˆB ∧
(
C ∧ eF)∣∣
p−1 . (4.16)
One can show [41,49] that this is a topological quantity. In addition, one can also show that this form
is closed, making use of potential configurations preserving the symmetry generated by Kˆ, i.e.
LKˆB = 0 , LKˆC = 0 , (4.17)
analogously to the gauge choice (3.64) in the previous section for M-theory. As a final observation,
we would like to point out that the same conclusions about calibration forms can be obtained by
supertranslation algebra, as done for example in [18, 24, 26].
Let us now focus on type IIB compactifications to AdS5-backgrounds. As for the discussion of
supersymmetric extended objects in M-theory above, we now apply the supersymmetry conditions
and the aforementioned approach to branes in type IIB string theory on
ds2 = e 2∆ds2AdS5 + ds
2
M5 , (4.18)
and relate the calibration forms to the geometric description by the vector and hypermultiplet struc-
tures. The exceptional geometry of this setup is discussed in [31,33], based on the geometric description
in [29]. ForN = 2 backgrounds of the form (4.18) with generic fluxes, the internal manifoldM5 admits
a (local) identity structure [29, 30, 50].
The two ten-dimensional Majorana-Weyl spinors of the same chirality which describe a IIB back-
ground of the form (4.18) can be decomposed as in [33]10,
εi = ψ ⊗ χi ⊗ u+ ψc ⊗ χci ⊗ u . (4.19)
Here ψ denotes the external Spin(4, 1) spinor, χi are the internal Spin(5) spinors and u a two-
component spinor. It might be convenient to define the complex spinors ζ1 = χ1 + iχ2 and ζ
c
2 =
χc1 + iχ
c
2. As for the previous cases, one can construct the relevant bilinears defining a local identity
structure on the internal manifold [29]. One introduces the vectors
Km0 := ζ¯
c
1γ
mζ2 ,
Km3 := ζ¯2γ
mζ1 ,
Km4 :=
1
2
(
ζ¯1γ
mζ1 − ζ¯2γmζ2
)
,
Km5 :=
1
2
(
ζ¯1γ
mζ1 + ζ¯2γ
mζ2
)
,
(4.20)
that are not all linearly independent. Relations between these forms comes from supersymmetry, as
shown in [29]. Then, one can use the following scalars to parametrise the norms of the spinors
A := 12
(
ζ¯1ζ1 + ζ¯2ζ2
)
,
A sinΘ := 12
(
ζ¯1ζ1 − ζ¯2ζ2
)
,
S := ζ¯c2ζ1 ,
Z := ζ¯2ζ1 .
(4.21)
10We follow the conventions given in the appendix of [33]. We collect them in appendix A.1.
16
Finally, one considers the two-forms
Umn := − i2
(
ζ¯1γmnζ1 + ζ¯2γmnζ2
)
,
Vmn := − i2
(
ζ¯1γmnζ1 − ζ¯2γmnζ2
)
,
Wmn := −ζ¯2γmnζ1 .
(4.22)
The HV structure for these backgrounds can be found in [31,33]. The untwisted generalised vector
structure K ∈ Γ(E˜) in (2.25) is given in terms of the identity structure above by
K˜ = ξ˜ + λ˜i + ρ˜+ σ˜i = K♯5 + e
2∆−φ2

ReK3
ImK3

− e 4∆−φ ⋆ V , (4.23)
where φ is the dilaton and ∆ the warp factor. Notice that for these backgrounds the five-forms vanish
σi = 0. The twisted vector structure is obtained by acting on K˜ with the adjoint element as in
appendix E of [10]
K = ξ + λi + ρ , (4.24)
where the twisted quantities are [10, 31]
ξ = ξ˜ , (4.25a)
λi = λ˜i + ιξB
i , (4.25b)
ρ = ρ˜+ ιξC + ǫij λ˜
i ∧Bj + 12ǫij
(
ιξB
i
) ∧Bj . (4.25c)
and we defined B1 = B, B2 = C2, C = C4, F
1 = H , F 2 = F3 and F = F5.
As already discussed the condition that the generalised Lie derivative L along the Reeb vector
K has to reduce to the conventional one, Lξ implies some differential equations on the elements of
the vector structure that reproduce some of the supersymmetry conditions on the identity structure
derived in [29],
dλ˜i = ιξF
i ,
dρ˜ = ιξF + ǫij λ˜
i ∧ F j .
(4.26)
Analogously to the M-theory case, we want now to express the calibration conditions for a Dp probe
in these backgrounds in terms of the generalised structure and check that their closure is implied by
differential conditions on Exceptional Sasaki-Einstein structures. To this purpose we have to specialise
the calibrations (4.5), (4.6) and (4.7) to the various brane configurations. The AdS5 geometry and,
in particular the products of external spinors, is the same as in the previous section. Thus, in our
conventions, the Killing vector K has the following components,
K0 = e−2∆ψ¯ρ0ψ ⊗A ,
Km = 12
(
ζ¯1γ
mζ1 + ζ¯2γ
mζ2
)
= ξm ,
(4.27)
where ξ is the Reeb vector. We also fix the norm of the internal spinors such that A = 1.
As in the previous sections, we focus on the cases of point-like AdS particles and space-filling
branes where the calibrations are related to the generalised vector K. Consider first a D1 wrapping
an internal one-cycle. The relevant terms in (4.16) are
ω = − e 2∆−φ/2 12
(
ζ¯2γmζ1 + ζ
T
2 γmζ
∗
1
)
= − e 2∆−φ/2ReK3 ,
Ψ = − e 2∆+φ/2 12 i
(
ζ¯2γmζ1 − ζT2 γmζ∗1
)
= − e 2∆+φ/2ImK3 ,
ιKˆB = ιξB
1 =: ιξB ,
ιKˆC = ιξB
2 .
(4.28)
and it is immediate to see that the calibration form is given by the generalised vector K
ΦD1 = −λ˜2 − ιξB2 = − e 2∆−φ/2ImK3 − ιξB2 . (4.29)
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Using equation (4.26) one can show that ΦD1 is closed. Using again the properties of the AdS5 spinors,
it is easy to show that a space-filling D5-brane is also calibrated by the same form,
ΦD5 = (−λ˜2 − ιξB2)⊗ ⋆1 = (−λ˜2 − ιξB2)⊗ volAdS5 . (4.30)
Similarly, one can find the calibration form for a D3-brane wrapping purely internal cycles,
ΦD3 = ρ˜+ ιξC + ǫij λ˜
i ∧Bj + 12ǫijιξBi ∧Bj . (4.31)
Its closure follows from the LK conditions under the gauge choice
11 that the potentials are invariant
under K. Again, this form provides also the calibration for a space-filling D7-brane.
In the particular case where the only non-trivial background flux is the five-form, the generalised
Sasaki-Einstein structure reduces to the standard one and the internal manifold is Sasaki-Einstein.
In this case the spinor ansatz (4.19) simplifies since the two internal spinors are proportional to each
other, i.e. χ2 = iχ1, and, consequently, the one-form part vanishes. The twisteed vector (4.24)
simplifies to
K = ξ − σ ∧ ω + ιξC , (4.32)
and the (untwisted) hypermultiplet structure is [31]
J˜+ =
1
2κu
iΩ− i2 κuiΩ♯ , (4.33)
J˜3 =
1
2κI +
1
2κτˆ
i
j +
1
8κΩ
♯ ∧ Ω¯♯ − 18κΩ ∧ Ω¯ , (4.34)
where ui = (−i, 1)i and I, ω and Ω are the complex structure, the symplectic and the holomorphic
two-forms on the Kähler-Einstein basis of M5.
Note that in the vector structure, the three-form is σ ∧ω and by the structure equation (4.26) one
immediately sees that adding the potential part ιξC yields a closed form (up to a gauge choice),
d (ρ˜+ ιξC) = ιξdC + LξC − ιξdC = LξC = 0 . (4.35)
Since in this case, the form of the hypermultiplet structure is simple, we can also study calibrations
that are not associated to the vector K. We will do it in the simplest Sasaki-Einstein background,
namely AdS5 × S5, where S5 is the five-dimensional sphere. The background is given by
ds2 =
R2
r2
dr2 +
r2
R2
ηµνdx
µdxν + ds2(S5) ,
C4 =
(
r4
R4
− 1
)
dx0 ∧ . . . ∧ dx3 .
(4.36)
while all other fluxes, dilaton and warp factors vanish. The S5 can be written as a U(1) fibration over
CP
2,
ds2(S5) = dΣ24 + σ ⊗ σ , (4.37)
where dΣ24 is the Fubini-Study metric over CP
2. The form σ is given by σ = dψ + A, where A is a
connection such that F = dA = 2ω, and ψ is the periodic coordinate on the circle U(1) with period
6π.
Explicitly, the sphere S5 takes the form [51]
ds2(S5) = dα2 +
1
4
sin2 α(dθ2 + sin2 θdφ2) +
1
4
cos2 α sin2 α(dβ + cos θdφ)2
+
1
9
[
dψ − 3
2
sin2 α(dβ + cos θdφ)
]2
,
(4.38)
11We also need to use ρ˜ ∝ ⋆V .
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with ψ ∈ [0, 6π], β ∈ [0, 4π], α ∈ [0, π/2], θ ∈ [0, π] and φ ∈ [0, 2π]. In these coordinates the
holomorphic form has the following expression,
Ω =
1
2
e i (ψ−β) sinσdθ ∧ dσ + 1
4
i e i (ψ−β) sin2 σ cosσdβ ∧ dθ − 1
2
i e i (ψ−β) sin θ sinσdσ ∧ dφ
− 1
4
e i (ψ−β) sin θ sin2 σ cosσdβ ∧ dφ− 1
4
i e i (ψ−β) cos θ sin2 σ cosσdθ ∧ dφ .
(4.39)
First, consider a D5-brane spanning the directions 0, 1, 2, r in AdS5. The world-volume of the brane
is AdS4 × S2, where S2 is the sphere parametrized by the angles (θ, φ). Then the expression (4.16)
reduces to
ΦD5 = − dx0 ∧ dx1 ∧ dx2 ∧ dx4 ∧ (1− i )2 e 4∆Ω
= − dx0 ∧ dx1 ∧ dx2 ∧ dr ∧ volS2 ,
(4.40)
and we see that it corresponds to the two-form part of J˜+ in (4.33). Modulo choice of coordinates,
12
it agrees with the analogous form in [24].
We can also consider a D3-brane probe spanning the directions 0, 1, r of AdS5. The world-volume
is now AdS3 × S1 and the calibration is given by the Hodge dual of the 4-form part of J˜3,
ΦD3 = dx
0 ∧ dx1 ∧ dr ∧ 18 e 4∆ ⋆ (Ω ∧ Ω¯) . (4.41)
One can prove the closure of this form by the LKJ relations. In particular,
d( e 4∆ ⋆ (Ω ∧ Ω¯)) = −m ιξvol5 = 0 , (4.42)
where the first equality comes from the conditions to have a vanishing R˜-tensor [10, 31]. In other
words, it is the rewriting of equation (4.26) in the Sasaki-Einstein case.
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A Conventions for spinors and gamma matrices
In this appendix we collect the conventions for spinors and gamma matrices that are relevant for
this paper.
A.1 Type IIB on AdS5 ×M5
We follow the conventions in [33]. The ten-dimensional metric is
ds2 = e 2Ads2AdS5 + ds
2
M5 , (A.1)
and the ten-dimensional gamma matrices ΓM are chosen as
Γµ = e−Aρµ ⊗ 14 ⊗ σ3 , µ = 0, . . . 4 ,
Γm+4 = 14 ⊗ γm ⊗ σ1 , m = 1, . . . 5 ,
(A.2)
12Here dx4 ∝ sin θ dr + dσ + dβ.
where ρµ and γm generate Cliff(1, 4) and Cliff(5) respectively, satisfying
{ρµ, ρν} = 2gµν , {γm, γn} = 2gmn , (A.3)
and ηµν = diag(−1, 1, 1, 1, 1). We also have
ρ01...4 = − i1 , γ1...5 = 1 . (A.4)
We choose the Cliff(1, 4) and Cliff(5) intertwiners as
A1,4 = ρ0 C1,4 = D1,4A1,4 ,
A5 = 1 C5 = D5 ,
(A.5)
where C = −CT in any dimension, so that
ρµ † = −A1,4ρµA−11,4 γm † = γm ,
ρµT = C1,4ρ
µC−11,4 γ
mT = C5γ
mC−15 ,
ρµ∗ = −D1,4ρµD−11,4 γm∗ = C5γmC−15 .
(A.6)
An explicit choice of a basis for the Cliff(1, 4) gamma matrices is
ρ0 = iσ2 ⊗ σ0 , ρi = σ1 ⊗ σi , ρ4 = −σ3 ⊗ σ0 , i = 1, 2, 3 , (A.7)
while for the Cliff(5) gamma matrices we take
γ1 = σ1 ⊗ σ0 , γ2 = σ2 ⊗ σ0 , γ3 = σ3 ⊗ σ1 , γ4 = σ3 ⊗ σ2 , γ5 = −σ3 ⊗ σ3 , (A.8)
with intertwiners
A1,4 = ρ
0 , C1,4 = ρ
0ρ2 , C5 = σ
1 ⊗ σ2 .
With these choices for the gamma matrices the ten-dimensional chiral gamma decomposes as
Γ11 = Γ0,...9 = 14 ⊗ 14 ⊗ σ2 . (A.9)
The ten-dimensional supersymmetry parameters are Majorana-Weyl spinors of negative chirality
Γ11εi = −εi (i = 1, 2) and decompose as
εi = ψ ⊗ χi ⊗ u+ ψc ⊗ χci ⊗ u , (A.10)
where ψ is an external Spin(4, 1) spinor, χi are internal Spin(5) spinors and u a two-component spinor
satisfying
σ2u = −u u∗ = σ1u . (A.11)
Charge conjugation of the external and internal spinors is defined as
ψc = D1,4ψ
∗ χc = C5χ∗ . (A.12)
One can easily check that, with the above choices,
ψcc = −ψ , (ρµ1 . . . ρµkψ)c = (−1)k ρµ1 . . . ρµkψc ,
χcc = −χ , (γm1 . . . γmkχ)c = γm1 . . . γmkχc .
(A.13)
For 5-dimensional internal spinors, from the properties listed above, one can derive
(χcγm1...mrφ
c) = (χγm1...mrφ)
∗
, (A.14)
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and
(χcγm1...mrφ) = − (χγm1...mrφc)∗ . (A.15)
Similarly we can derive some useful identities for the internal spinors. Let us consider the expres-
sion, (
ψcρµ1...µqψ
c
)
= (−1)q+1 (ψρµ1 . . . ρµqψ)∗ . (A.16)
where, as always, ψ = ψ†ρ0. Next, we obtain(
ψρµ1 . . . ρµqψ
)∗
= − (−1) q(q+1)2 (ψρµ1 . . . ρµqψ) . (A.17)
Combining these two equations yields(
ψcρµ1...µqψ
c
)
= − (−1) (q+1)(q+2)2 (ψρµ1 . . . ρµqψ) . (A.18)
For the other combinations, one obtains(
ψcρµ1...µqψ
)∗
= − (−1)q+1 (ψρµ1 . . . ρµqψc) , (A.19)
and (
ψcρµ1...µqψ
)∗
= − (−1) q(q+1)2 (ψρµ1...µqψc) . (A.20)
Again combining the last two relations gives(
ψρµ1...µqψ
c
)
= (−1) (q+1)(q+2)2 (ψρµ1...µqψc) , (A.21)
so that these terms vanish for q = 0, 1, 4.
A.2 M-theory
We follow again the conventions in [33] for the metric ansatz
ds2 = e 2∆ds2AdS + ds
2
M . (A.22)
We consider two M-theory setups: AdS4 compactifications with a 7-dimensional internal manifold M7
and AdS5 ones on a 6-dimensional internal manifold M6. The eleven-dimensional gamma matrices
are ΓˆM , M = 0, . . . , 10, satisfying the Clifford algebra Cliff(1, 10) relations,
{ΓˆA, ΓˆB} = 2ηAB . (A.23)
They will decompose as in (3.24) and (3.50), and for convenience, we report them here,
Γˆµ = e−∆ ρµ ⊗ Γ7 , Γˆm+4 = 14 ⊗ Γm for AdS5 ×M6 ,
Γˆµ = e−∆ ρµ ⊗ 18 , Γˆm+3 = e−∆ρ5 ⊗ Γm for AdS4 ×M7 .
(A.24)
In the expressions above we denoted the internal gamma matrices with the same symbol for both
cases, with Γ7 the chiral operator in 6 dimensions, defined below, and with ρ5 the external Cliff(1, 4)
chiral operator.
A.2.1 M-theory on AdS5 ×M6
Here we give the conventions for M-theory solutions of the form AdS5 ×M6. The external part
is the same as the type IIB compactification. So we refer to appendix A.1. For the internal part we
take as reference [52] and we write all the gamma matrices as tensor products of Pauli matrices
Γ1 = σ1 ⊗ 1⊗ σ1 ,
Γ2 = σ1 ⊗ 1⊗ σ2 ,
Γ3 = σ1 ⊗ σ1 ⊗ σ3 ,
Γ4 = σ2 ⊗ σ1 ⊗ σ3 ,
Γ5 = −σ1 ⊗ σ3 ⊗ σ3 ,
Γ6 = σ3 ⊗ 1⊗ 1 .
(A.25)
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In even dimensions we can define a chiral operator
Γ7 = − i Γ1 . . .Γ6 . (A.26)
The chiral operator Γ7 squares to the identity and satisfies the following relations with the other
gamma matrices
{Γ7 ,Γm} = 0 ,
[Γ7 ,Γmn] = 0 .
By induction, these properties can be extended to any odd/even rank element of the Clifford algebra.
The intertwiners of Cliff(6) can be written as follows
ΓTm = C
−1
6 ΓmC6 ,
Γ∗m = D
−1
6 ΓmD6 ,
Γ†m = A6ΓmA
−1
6 .
and, for our conventions,
A6 = 1 , D6 = C6 .
A.2.2 M-theory on AdS4 ×M7
Here we give the conventions which are relevant for the AdS4 solutions of M-theory. We made the
choice of having compatible conventions with the previous section, such that one can embed all the
relations above in the following ones.
The Clifford algebra Cliff(7) and its generators are constructed by the same set of gamma matri-
ces (A.25) of Cliff(6) plus the chiral gamma Γ7 in (A.26).
The Cliff(7) intertwiners are written as
ΓTm = C
−1
7 ΓmC7 ,
Γ†m = A7ΓmA
−1
7 ,
Γ∗m = D
−1
7 ΓmD7 .
Numerically the matrices A7, C7, D7 are the same as A6, C6, D6.
The four-dimensional gamma matrices on AdS4 satisfy
{ρa, ρb} = 2ηab1 , (A.27)
where a, b are frame indices. Hence it holds ηabeµa ⊗ eνb = gµν , where gµν is the AdS4 inverse metric.
In terms of flat frame indices, we choose a basis for explicit calculations for Cliff(1, 3),
ρ0 = iσ2 ⊗ σ0 , ρi = σ1 ⊗ σi , i = 1, 2, 3 . (A.28)
As for the internal part we have chosen the basis above such that we can embed it into (A.7). The
intertwiners can be written as in (A.5),
ρµ† = −A1,3ρµA−11,3 , A1,3 = ρ0 ,
ρµT = C1,3ρ
µC−11,3 , C1,3 = D1,3A1,3 ,
ρµ∗ = −D1,3ρµD−11,3 .
(A.29)
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